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PARTITION THEOREMS RELATED TO SOME
IDENTITIES OF ROGERS AND WATSON(})
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WILLARD G. CONNOR

ABSTRACT. This paper proves two general partition theorems and several
special cases of each with both of the general theorems based on four g-series
identities originally due to L. J. Rogers and G. N. Watson. One of the most in-
teresting special cases proves that the number of partitions of an integer n into
parts where even parts may not be repeated, and where odd parts occur only if
an adjacent even part occurs is equal to the number of partitions of n into
parts=+2,+3,+4,+5,+6,+7 (mod 20). The companion theorem proves
that the number of partitions of an integer n into parts where even parts may
not be repeated, where odd parts > 1 occur only if an adjacent even part occurs,
and where 1’s occur arbitrarily is equal to the number of partitions of n into
parts=+1,+2,+5,+6,1+8,+t9 (mod20).

1. Introduction. In 1893 and 1894, L. J. Rogers [8], [9], [10] wrote three
remarkable articles on expanding infinite products in which he listed many g-series
identities including the two which are now called the Rogers-Ramanujan identities.
There are also many other interesting identities in these three papers. Two of the
identities on which this paper is based are found in the second article [9, pp. 331—
332], where in the second identity ¢ must be replaced by —q. These two identi-
ties are
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In 1937, G. N. Watson [13], [14] proved the following four g-series identi-
ties:
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It is easily seen that (1.3) is equivalent to (1.1) and (1.4) is equivalent to
(1.2). Thus Watson reproved two identities which had been originally given by
Rogers more than forty years earlier and added two similar identities. The proof
of these four given by Watson is extremely simple and elegant.

Then, in 1952, L. J. Slater [12] gave a list of 130 identities of the Rogers-
Ramanujan type. The four identities given by Watson are all on this list; one of
them appears twice.

Finally, in 1965, Basil Gordon [5, p. 747] used the Slater identity which is
equivalent to (1.3) to prove the following

THEOREM. Let A(n) denote the number of partitions of n of the form n =
by +b, + ...+ bgsatisfying the condition by > by 2b3 > by =bg > -.
Let B(n) denote the number of partitions of n into parts which are either odd
(i.e. of the form 2m + 1) or of the forms 20m + 4,20m — 4. Then A(n) =
B(n).
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This is a completely different approach to one of the special cases of the
general theorem given in §3 of this paper.

We now present a motivation for the two general theorems which will be
given in §§2 and 3. We shall call identities (1.3)—(1.6) the Rogers-Watson iden-
tities. The following four propositions show how the Rogers-Watson identities
can be combined with the theorems of §§2 and 3 to yield some remarkable com-
binatorial results. Only Proposition 1 is proved in detail; the others are analogous
to it and are stated without proof.

PROPOSITION 1. Let A(n) denote the number of partitions of n into parts
which are either =1 (mod?2) or =4, 16 (mod20). Let B(n) denote the number
of partitions of n of the form n = T, f; + i which satisfy the conditions that for
all i, we have fy; = 0or2and f); * f5;4, =0. Let C(n) denote the number of
partitions of n such that every odd integer < the largest part appears at least once
as a part. Let D(n) denote the number of partitions of n of the formn = b, +
by+...+b whereby >b, 2by>by=bs>bg=>-+. Then A(n) =
B(n) = C(n) = D(n).

PROOF OF PROPOSITION 1. A(n) = B(n) is just the statement of Corollary
7 in §3. To prove A(n) = C(n) we shall use (1.3) which can be written equiva-
lently as

2, glt3+s 4t (2n-1) 1

im0 @ @:4M)=0% 4*")u(@'%: 4*%)e

The nth term of the series on the left side of (1.7) generates partitions whose
partsare 1,3, 5,...,2n — 1 together with integers chosen from {1,2,3,...,
2n}, that is, partitions in which every odd number < the largest part appears at
least once as a summand, so that

2 C)g" = X A(mq".
n=0 n=0

Thus C(n) = A(n). C(n) = D(n) is trivial since the partitions enumerated by D(n)
are just the conjugates of those enumerated by C(n). Therefore A(n) = B(n) =
C(n) = D(n).

.7

PROPOSITION 2. Let A(n) denote the number of partitions of n into parts
which are either =1 (mod2) or = 8, 12 (mod 20). Let B(n) denote the number
of partitions of n of the form n = 2| f, - i which satisfy the conditions that
f2 =0, and for all i we have f,; = 0 or 2 and f,; * f,;,, = 0. Let C(n) denote
the number of partitions of n in which the largest part L is odd, and every odd
integer in the interval [3, L] appears at least once as a part. Let D(n) denote the
number of partitions of n of the formn =b, + b, + ...+ b, where b, > b, >
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by > by =bg >bg =>by > ... in which the number of parts is odd. Then
A(n) = B(n) = C(n) = D(n).

ProroSITION 3. Let A(n) denote the number of partitions of n into parts
=42,+3,+4,%5,+6,+7 (mod 20). Let B(n) denote the number of partitions
of n into parts where even parts may not be repeated, and where odd parts occur
only if an adjacent even part occurs. Let C(n) denote the number of partitions
of n such that the largest part L is even, and every even integer < L appears at
least once as a part. Let D(n) denote the number of partitions of n of the form
n=b, +b,+...+b;whereb; 2b, >b3 =>by>bg>...inwhich the
number of parts is even. Then A(n) = B(n) = C(n) = D(n).

PROPOSITION 4. Let A(n) denote the number of partitions of n into parts
=#%1,+2,+5,%6,%8,+9 (mod 20). Let B(n) denote the number of partitions
of n into parts where even parts may not be repeated and where odd parts = 3
occur only if an adjacent even part occurs. Let C(n) denote the number of parti-
tions of n such that every even integer < the largest part occurs at least once as
a part. Let D(n) denote the number of partitions of n of the formn =b, +
by+...+b,whereb, 2b, >b3=>by >bs>bg>"--. Then A(n) =
B(n) = C(n) = D(n).

2. A general partition theorem and special cases. We now state the main re-
sult of this paper first as a general theorem using infinite products and then, in a

corollary, as a partition identity. Due to the many conditions of the theorem,
most of the relations will be defined recursively.

THEOREM 1. Let a and k be integers with 1 <a < k. Let A, ,(n) denote
the number of partitions of n of the formn =7, f; *i,where fo =k —a, all
[; 2 0, and where the following conditions are satisfied for all i 2 0 and 0 <j <
k/2:

(Cy41) If fri41 =2 + 1, then max(fy;, f145) C - 1,
j

k-3,k-5,...,k=2j—1}.

(CZI') IffZH'l = 2j, then maX(fzi,fzi+2) g {k - l,k_3’
k=5,...,k=2/-1}U{0,1,2,...,k—2—2}.

Then
2 Ay ,(n)q"
n=0

(_q2k+l; _q2k+l)“((_q)a; _q2k+l)“((_q)2k+l-—a; _q2k+ l)“

@40~ 9w
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To help clarify the above theorem, we now list the first six conditions:

Cot L2141 =0 = max(fy;, f549) <k — 1.

Cyt faipr =12 max(fy;, fr10) =k — 1.

Coi fai41 =22 max(fy;, foy42)=k—lor<k-3.

Cst foig1 =32 max(fy;, fo40) =k - lor=k-3.

Co: vy =4 =2 max(fy;, fr542)=k—-1,=k -3 0r <k -5.

Cs: fri41 =5=2max(fy;, fr542)=k-1,=k-3o0or=k-5.
We note in particular that these conditions imply f,; <k —1 for all i > 0.

Now we rewrite Theorem 1 as Corollary 1 by interpreting what types of
partitions are generated by the infinite products on the right side in Theorem 1
above.

COROLLARY 1. Let a and k be integers with 1 <a <k. Let A k,o() de-
note the number of partitions of n of the form n = T, f; * i which satisfy the
list of conditions given in Theorem 1. Let B ,(n) denote the number of parti-
tions of nof the formn=>b, +b, +...+b;+¢, +c, +...+c, where
byZbi1y1,6 26141, b; €(SY ) U Sk, Y Wy, and ¢; € Ty, , with the above
sets defined by

0={nln>0,n=1 (mod2)},

Sgq=1ln>0,n%0,%a (mod 2k + 1)},

Sk,a = all even elements of S ,,

Sk,q = all odd elements of Sy ,,

2 =0-52,

Ty,a =SkoN2SP,,and

Wia= ZSg,a T o
Then we have A ,(n) = B, ,(n).

ProOF OF THEOREM 1. We define

Ck,i(x) = 'Eo - l)nxknq(2k+l)n(n+l)/2-in (1 _xiq(2n+l)x')

“(xq; 9),/(q; 9),
where 0 <i <k. We note that C, 0(x) =0. Selberg [11, p. 4] has proved that

@.1) Cie,i() = Gy iy () + X141 = xq)C oy 4 (xq).
If we define

Qk,i(xo q) = (1/(xq; q)..) Ck,,-(x),
then

22) Qk',-(x, q)= Qk,i—l(x’ q)+ xi—lqi_le,k—Hl(xq’ q),



100 W. G. CONNOR

or equivalently,
23) Qk,i(xs q) - Qk,i—l(x, qQ= xi—lqi—le,k—H 1(-’“1» q).

Since Qy o(x, ) = 0, we can write O ;(x, q) as a telescoping sum and use (2.3)
to simplify the right side to

i
Qk,i(x, 9= Zl [Qk,j(xa Q- Qk,j-l(x, )
l=
(X))
i
= zlxi_lqi—lgk,k—j-l-l(xq, Q)
I=
In (2.4) we replace x by xq and i by (k —i + 1) and then substitute this expres-
sion into the right side of (2.3) to get

01,106, @) = Qg i1 (6, @) = x4 Qo441 (xa, @)
(25)

1
= xi—lqi-l El xj-lqzl—sz,k—;-p 1(»’“12’ q).
]:

Replace ¢ by —q in (2.5) to get
Qk,,'(x, -q) - Qk,i—l(xa -q)

1
(2.6) = (_ l)l—lxi—lqi—l le xi—lq2j—2Qk'k-i+l(xq2’ _q)

k=i+1
= 1) le XU (xg?, ).
Multiplying (2.6) by 1/(xq; ¢2).., we obtain
Qi @) Q-1 —9)
(€71 W € 7 O

2.7
. Oy k—j+ 1(3“12 »=q)

(45 4%
Putting L, ;(x) = 0 ;(x, —q)/(xq; ¢*). in (2.7) we get

Ly i) = Ly iy () = - D1/ - xq)

k—i+1
=(_ l)i—l 2 xi+j—2qi+2]—3
i=1

(28)

k—i+1
. Igl xi+l—2qi+2]—3 ‘Lk,k—j-l-l(xqz)’

or equivalently,
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(1 -xq) Ly ;=)= (1 =xq)* Ly ;—,(x)
(29)

= (- 1)1 zl xi+i—2qi+21 =3« Ly g1 O0).
]—

We may expand L, ;(x) as follows:
(2.10) Ly ()= Z Mgﬁ c (M, N)xMgN, gl <1.

Substituting (2.10) into (2.9), we get

(1 -xq) - > > ¢ 1M, N)xMgN — (1 - xq)

N=—oc0o Mf=—o00
2.11) . N—Z Mg_wck'i—l(M’ N)quN
k—i+
= (_ l)i— Z xi+]' 2qi+2]—3
j=1
B F cinmeterien,

Equating coefficients of xMg" yields

(2.12) k=i+1
=CET Y g M -i-j+2,N-2M+i-1).
j=1

We then easily verify by means of the definition of Ly ;(x) and (2.12) that
(2.13) koM, N)=0 forall k,M,N,

1 ifM=0and N=0,1<i<k,
(2.19) ck,i(MN) =
0 ifeither M<0orN<O,

and, if i = 2n + 1 (i.e. if i is odd), then
e, i M N) = &3 i (M, )] = [, (M~ 1,N=1) =,y (M ~1, N=1)]

k—i+1
+ X CpgirM=i=j+2,N-2M +i-1),
j=1

and if i = 2n (ie. i is even), then
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[ck,i—l(-Mt N)=c¢, (M, N)] = lek,i-yM-1,N=-1)- e, i{M—1,N-1)]

(2.15) k—it+1
+ Z‘l Cokjrr1M—i-j+2,N-2M +i-1).
l:

One easily verifies by mathematical induction that the ck,,.(M, N) are uniquely de-
termined by (2.13), (2.14) and (2.15).

Let p; ;(M, N) denote the number of partitions of V into M parts of the
form N = 2“ =1 f « j which also satisfy the list of conditions given in Theorem 1.
The p, ;(M, N) clearly satisfy (2.13) and (2.14). We now show that they also
satisfy (2.15).

Case 1. Let i be an odd integer. Then the expression [pk,,(M, N) -
Py -1 (M, N)] enumerates the number of partitions of NV into M parts of the form
N=ZZ,f; - j where for j > 3, the parts satisfy the first (k + 1) conditions given
in Theorem 1 along with the added conditions that f; > i—1and f, <k —i.
To see this, note that for p, ;(M, N) we have that for all j <i -1, if f; = then
[y satisfies C;, while if f; > i then f, satisfies C;,_,. For py ; (M, N), however,
we have that for all j <i—2,if f; =] then f; satisfies G while if f{ 2i -1
then f; satisfies C,_,. These yield the same results when j <i—2;ie.if f; =j
then f, satisfies C;. Thus for [pk,i(M, N) — py ;1 (M, N)] to enumerate any par-
titions, we must have f; > i — 2 which means that f; =i —1. Assuming f; >
i — 1 we find that for the partitions enumerated by p, ;_, (M, N) we have f; sat-
1sfymg C;_,, while for those enumerated by p, ;(M, N) we have f, satisfying
Ci—1- But C,_, holds means recursively that either C;_, holds or that (f, <
k-(@-1)-1and f, <k - (i - 1) — 1) which implies that either C;_, holds or
that (f, <k —i) since fy <k — i vacuously and since (i — 1) is even when i is
odd. Thus even with f; =i -1, p; (M, N) and p, ;_,(M, N) both enumerate
the same partitions unless f, <k —i also. So [p; ;(M, N) - py ;_; (M, N)] enu-
merates the partitions of NV into M parts which satisfy the first (¢ + 1) conditions
given in Theorem 1 as well as the conditions f; >i—1and f, <k -1i.

Case 2. Let i be an even integer. Now the expression [p, ,_, (M, N) -
Py ;(M, N)] enumerates the number of partitions of NV into M parts of the form
N=ZZ,f; - j where for j >3, the parts satisfy the first (k + 1) conditions given
in Theorem 1 along with the added conditions that f; >i—1and f, <k —1i
again. Exactly as in the last paragraph for odd i, we see that whenj <i — 2, if
[y =j then f, satisfies G for both the partitions enumerated by p; ;(M, N) and
Py,i-1(M, N). Thus we must again have f; =i —1 for [p; ;_, (M, N) -
by (M, N)] to enumerate any partitions at all. Again assuming f; =i -1, we
find that for the partitions enumerated by p, ;(M, N) we have f; satisfying C;_,
which means recursively that either C;_; holds or that [(f, <k — (i — 1) and
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f,<k-(@-1))and (f, =k = (- 1)or f, =k — (i — 1))] which implies that
either C;_5; holds or that f, = k —i + 1 since f, <k —i + 1 vacuously and since
(i — 1) is odd when i is even. Still under the assumption f; =i — 1 we find, how-
ever, that for the partitions enumerated by p i~1 (M, N) we have f; satisfying
C,—, which means that either C,_5 holds or (f, <k -({-2)-1and f, <k -

( —2) — 1) which implies that either C;_5 holds or that f, <k —i + 1 since f <
k =i+ 1 vacuously and since (i — 2) is even when i is even. Thus when f; >

i — 1 we have for the partitions enumerated by p; ;_, (M, N) that either C;_,
holds or that f, <k =i + 1, while for those enumerated by p, ;(M, N) we have
that either C,_3 holds or f, =k —i + 1. So even with f; =i —1,p, ;,_,(M, N)
and p; ;(M, N) both enumerate the same partitions unless we have f, <k —i + 1
which means f, <k —i. Thus we have that [p, ; ,(M, N) - p, ;(M, N)] enu-
merates the partitions of V into M parts which satisfy the first (k + 1) conditions
given in Theorem 1 as well as the conditions that f; =i -1 and f, <k —i.

Now separate the partitions enumerated by [p, ;(M, N) — p, ;. (M, N)] if
iis odd (or by [py ;_y (M, N) = py ;(M, N)]if i is even) into the (k —i + 2) mu-
tually disjoint classes which satisfy the special conditions {f; =i, f, <k - i},
fi=i-1L,fH=0L{f=i-1,fH=1,{fi=i-1,f=2},...,{fi =i~
Lfy=k=i-1},{f; =i-1,f, =k —i} as well as the first (k + 1) conditions
of Theorem 1. We think of these as the two types {f; =i, f, <k —i} and
{fi=i-1,f, =1t} for 0<t <k -i. Inthe class defined by {f; =i, f, <
k — i}, drop exactly one of the 1’s (which is always possible since i > 0). Then
we again have the special conditions f; =i — 1 and f, <k —i, as well as the first
(k + 1) conditions of Theorem 1, so that this class is enumerated by
[P M -1, N=-1) = p ;.M =1, N - 1)]if i is odd (or by
[Pr,;-yM =1, N=1)—p, ;(M—1,N - 1)]if i is even). In each of the classes
defined by {f; =i—-1, f, =t} with 0 <¢ <k — i, subtract 2 from every sum-
mand > 2 and drop the (i — 1) 1’s. These then yield partitions of (V — 2M +
i—1)into (M —i+1 —¢) parts. We shall now verify that if f; >k —¢, then f,
satisfies C;,_,_;. Assume first that k — ¢ is even. So if f; =k —¢, then C; _,
holds, which means that either C;_,_; holds or (f, <k —(k—#)—1and f, <
k — (k — t) — 1) which implies that either C, _,_, holds or (f, <z—1and f, <
t —1). But f, =t means that f, >¢ - 1 so the second condition above cannot
be true. So if k —¢ is even we have that if f; = k — ¢ then C,_,_, holds. Since
the conditions are defined recursively, the same is true if f; > k — ¢ also. Thus
if f3 2 k —t, then C,_,_, holds whenever k — ¢ is even. Now assume that k — ¢
isodd. If f; =k —t -1, then C;_,_; holds which means that either C,_,_,
holds or (f, <k -(k—t-1)—1and f, <k — (k =t — 1) — 1) which implies
that either C,_,_, holds or (f, <t and f, <r¢). Similarly if f; = k — ¢, then
Cy -, holds which means that either C,_,_, holds or [(f, <t and f, <¢) and
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(f, =tor fy =1)]. Since f, =1, the second part of the second condition is al-
ways true. Thus if f3 = k — ¢, then either C,_,_, holds or (f, <t and f; <1)
which means that C;_,_, holds. As above, the same holds if f; > k —¢. Thus

if f3 2k —t, then C,_,_, holds whenever k — ¢ is odd also. Soif f; >k -1,
then C,_,_, always holds. Then upon subtracting 2 from each summand > 2,

we see that if f; >k —¢, then C,_,_, holds for f;, and f, rather than for f, and
f4- Thus each class defined by {f; =i -1, f, =t} with 0 <¢ <k —i is enumer-
ated by py (M —i-t+1,N-2M+i-1).

Since all the procedures in the last paragraph are also reversible in the sense
that every partition in the union of the (k — i + 2) mutually disjoint classes which
satisfy the special conditions {f; =i, f, <k -i}, {f; =i-1,£, =0} {f; =
i-1,f,=1},...,{fi =i-1,f, =k —i},as well as the first (k + 1) condi-
tions of Theorem 1, will correspond to one of the partitions enumerated by
[Pk, M, N) = py 1M, N)]if i is odd (or by [Pk,x-l(M N) - Pk,i(M N1ifi
is even) by just reversing the procedure, we have established a one-to-one corre-
spondence between the partitions enumerated by [p, ;(M, N) — p; ;—, (M, N)] for
iodd (or by [py ;— (M, N) = p; ;(M, N)] for i even) and those in the mutually
disjoint classes given above.

We have proved that for i odd,

[Py, M, N) = py - (M, N)] = [P, M= 1, N=1)—py ; (M- 1,N—1)]

k—i
+ 3 ppxdM—i=t+ 1, N=2M +i-1),
t=0

and for i even,
[or,i-1 M, N) = p ; (M, N)] = [Dg - (M~ 1,N=1) = p, ,(M~1,N - 1)]

k—i
+ Y PessM=i—t+1,N=2M +i-1).
t=0

Now replace ¢ by j — 1. Then for i odd we have that
[Pk,z(M’ N) —Pk,,'-l(M9 M= [Pk,i(M‘ LN=-1) 'Pk,i-l(M- 1,N=-1)]

k—i+1
+ 2 D M-i=j+2,N-2M +i-1),
=

and for i even,
(P14, N) = py ; (M, N)] = [Py ;- (M~ 1,N=1) = p ;,(M =~ 1,N - 1)]

k—i+1
+ 2 DM —i—j+2,N-2M +i-1).
j=1
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Thus the p, ,(M, N) fulfill (2.13), (2.14) and (2.15). So by the remark following
(2.15) we have

(2'16) pk’i(M: N) = ck,i(Ms N)'
Thus

> 4 M= T 3 b 0N
N=0 N

=—o00 Jf=—00

= 2 X c MN)" =L, Q1)

N=—coM=—0c
1

(R

* Qk,a(]" -q)

__1 1
@ g C¢7D=

) Ck,a(l s = q)

(__q2k+l : _q2k+l)“((_q)2k+l—a; _q2k+l)~

@4 -9

(Gt Caai) W
This proves Theorem 1.

PrROOF OF COROLLARY 1. We use the same notation for the sets which were
originally defined in the statement of the corollary. From Theorem 1 we have

> At =TLa-at- I1 11-corn
n=0 neo nESy q

=[la-¢v*- I1 a+e¢vt- I a-¢9
ne( nes‘,’"a "esi'a

= H a _qn)—l . H (1 _an)—l . I'I (1 _qn)—l

n€0-sg , n€oNsy , ne€sg .
= JII a-¢vt- II a-¢o'- I1 a-¢m!
ne(sy, o)’ n€28y 4 nesy ,
=l II a-¢' II a-¢y'- II a-¢)
n&(sy 4)' nesf, , n€Wgk.q
II -y

nETg q
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Let B, ,(n) denote the number of partitions of n of the form n = b, +
by+...+bytey ey +. .t where b, =byyy, € >¢i4q,0,€(SP,) Y
Sk.a Y Wy 4 and ¢; € Ty ;. Then we have

2 Ay ()" = X By ()q".
n=0 n=0

Thus 4, ,(n) = By ,(n). This proves Corollary 1.
Let k = 2 in Theorem 1; the following two corollaries can be expressed
solely in terms of ordinary partitions.

COROLLARY 2. Let 4, , (n) denote the number of partitions of n into parts
where even parts may not be repeated and where odd parts occur only if an ad-
jacent even part occurs. Let B, ,(n) denote the number of partitions of n into
parts=+2,+3, x4 +5 +6,+7 (mod20). Then Az’z(n) = Bz,z(n).

PROOF OF COROLLARY 2. Let k = 2 and @ = 2 in Theorem 1. Then
A, ,(n) denotes the number of partitions of n of the form n = T2, f; - i such
that foralli>1,f,;<land foralli=>0if f,;,,, = 1thenf,;=1orfy;,, =
1; i.e. into parts where even parts may not be repeated and where odd parts oc-
cur only if an adjacent even part occurs. Then by Theorem 1 we have

4% 3% (-9)%-0%)w (2)* - ¢°)w

@4 -9

goA,,z(n)q" -

1 i n
= N - = Bz'z(n)q .
7,65 4*"). @*°7:4*%)s n=0

Thus 4, ,(n) = B, ,(n).

COROLLARY 3. Let A, ,(n) denote the number of partitions of n into parts
where even parts may not be repeated, where odd parts > 1 occur only if an ad-
jacent even part occurs and where 1’s occur arbitrarily. Let B, ,(n) denote the
number of partitions of nintoparts=*1,%22,£5,+6,£8,19 (mod 20).
Then A, y(n) = B, ((n).

PROOF OF COROLLARY 3. Let k =2 and 4 = 1 in Theorem 1. Then
A, 1(n) denotes the number of partitions of n of the form n = ZZ | f; - i such
that forall i > 1,f); <1,foralli > 1,if f;,, > 1 thenfy;=1orfh;,,=1,
and f; 2> 0 arbitrarily; i.e. into parts where even parts may not be repeated,
where odd parts > 1 occur only if an adjacent even part occurs, and where 1’s oc-
cur arbitrarily. Then by Theorem 1 we have
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-3%-4%. -0 -0%). @*-4%).
@) -9

2 4, ,(m)q" =
n=0

- ‘ = ¥ 8, 400"

20 . 20 &
nj=l;i¢0,10,t3,t4,t7(qi’q ) n=0

Thus 4, ;(n) = B, ,(n).

If k 2 3 in Theorem 1, the infinite products must be interpreted as repre-
senting partitions like those of Corollary 1 rather than ordinary partitions. The
following three corollaries give the interpretations of Theorem 1 for the special
cases k = 3 with @ = 3, 2 and 1 respectively.

COROLLARY 4. Let A3’3(n) denote the number of partitions of n of the
form n = | f; - i which satisfy the conditions that forall i > 1, f,; <2; for
aliZ20,iffr;py=1thenf;=20rfh;,, =2;and forall i Z0,if fo;,, =2
then either (fy;=20r fy;,5 =2)or (f;=0and f,;, , = 0). Let B3 3(n) denote
the number of partitions of nof the formn=>b, +b, +...+b,+c; +c, +...+
¢, where b; 2 b,y 1,¢; 2 ¢y, ;€ {nln>0,n=%2,£3,£6,£7,£8,£10,
+11,+12 (mod 28)} and ¢; € {nln>0,n=12 (mod28)}. Then A, 3(n) =
B; 5(n).

PROOF OF COROLLARY 4. Let k = 3 and @ = 3 in Theorem 1; then the
conditions for A3 ;(n) follow directly from Theorem 1. Also in Corollary 1 we
have

O={nln>0,n=21,£3,£5,£7,+£9,% 11, £ 13 (mod 28)},

S33={nln>0,n=%1,+2,£5,+6,+8,£9,+12,+13 (mod 28)},

§33=1{nln>0,n=%1,£5,£9,+ 13 (mod 28)},

§33=1{nln>0,n=%2,%6,+8, +12 (mod 28)},

2833 = {nln>0,n=12,+10 (mod 28)},

(533) = {nln>0,n=%3,+7, 11 (mod 28)},

T33={nln>0,n =12 (mod 28)},

W3 3= {nln>0,n =110 (mod 28)}, and

(833 US3UW; 3={nln>0,n=1£2,£3,£6,£7,£8,+10, %11,
112 (mod 28)}.

Let B, 3(n) denote the number of partitions of n of the formn = b, +
by+...+b+e +tey+ ...+ where b, =byyy, ¢ >¢4q,b;,€(53,3) U
83,3 U W3 3 and ¢; €Ty 3. Then by Corollary 1, 45 5(n) = Bj 5(n).

COROLLARY 5. Let A 32 (n) denote the number of partitions of n of the
form n = T f, - i which satisfy the conditions that for all i > 1, f,; <2; for
ali21,iffy;0,=1thenfy;=20rfy, =2 foralli>1,if f;,, 22 then
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either (fy; =2 0r fy;.9 =2)or (f3;=0and fy;,, =0);and if f; > 1 then

f2 =2. Let B4 5(n) denote the number of partitions of n of the formn=b, +
by+...+b,+c, +e, +...+c, whereb; > by, ¢ > iy, b; € (nln>
0,n=%2,+4,£5,+6,+7,+8,%£9,£10 (mod 28)} and ¢; € {nln>0,n =

+ 6 (mod 28)}. Then A ,(n) = B; 5(n).

PROOF OF COROLLARY 5. Let k = 3 and 2 = 2 in Theorem 1; then the
conditions for A3 ,(n) follow directly from Theorem 1. Also in Corollary 1 we
have

Sy, = {nln>0,n=+1,£3,+4,+6,+8,210, 11, £ 13 (mod 28)},

T3, = {nln>0,n =16 (mod 28)},

(53, US5,UW;,={nln>0,n=%2,24,+5,+6,£7,%8, 9,

+ 10 (mod 28)}.

Let B3 ,(n) denote the number of partitions of n of the form n =5, +
by+...+bgte tey .. e, where by =byyy, ¢ >¢jyy, b E(S9,) Y
832 UW;,and ¢; ET; ,. Then by Corollary 1, 43 ,(n) = B; ,(n).

COROLLARY 6. Let A, ;(n) denote the number of partitions of n of the
form n = I, f; - i which satisfy the conditions that for all i 2> 1, f,; <2; for
dliz2l,iffy;y=1thenfy;=20rfh ., =2foralliZ>1,if f;,, =2 then
either (fy; =2 0r f5,4.2 =2) or (fy; = 0ard f,;,, = 0); and f,; = 0 arbitrarily.
Let Bj (n) denote the number of partitions of n of the formn = b, + b, +
cootbgte, eyt te  whereb 2 by, ¢;2¢40,0;,€nIn>0,n=
+1,%2,+4,£6,+7,110, 12, £ 13 (mod 28)} and ¢ € {nln>0,n=2%10
(mod 28)}. Then A; (n) = B; ,(n).

PrOOF OF COROLLARY 6. Let k = 3 and @ = 1 in Theorem 1; then the
conditions for 43 , (n) follow directly from Theorem 1. Also in Corollary 1 we
have

Sy = {nln>0,n=%2,£3,£4,£5,£9,+10, £ 11, + 12 (mod 28)},

Ty, = {nln >0, n = 10 (mod 28)},

(83,) VS5 UW; ={nIn>0,n=2%1,+2,+4,+6,+7,£10,+12,
* 13 (mod 28)}.

Let By | (n) denote the number of partitions of n of the form n = b, +
by+...+bg+e +ep+... e, whereb; >byyq,¢>¢44,0,€(55,) Y
83,0 Y W3, and ¢; € T; ;. Then by Corollary 1, 45 ,(n) = B3, (n).

3. Another general partition theorem and special cases. In §1 the four
Rogers-Watson identities are given in (1.3)—(1.6). In Propositions 3 and 4 in the
same section, we see that Corollaries 2 and 3 of §2 are closely related to (1.4)
and (1.5), respectively. In fact, Corollary 2 was discovered by iterating the expres-
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sion (1/(xq; ¢%)..) - Q, ,2(x, —q) which reduces to the right side of (1.4) when
x =1, and Corollary 3 was discovered by iterating the expression (1/(xq; ¢2)..) *
Q, 1 (x, —q) which reduces to the right side of (1.5) when x = 1. In this sense
Theorem 1 of §2 generalizes (1.4) and (1.5).

Watson [14, p. 46] proves the result

o 8n2_2n o 2n2 n
Yo (gtqY). s X .
n=0(q%; q°), n=0(2q*;q%),@%:4"),

Andrews [1, p. 575], by replacing g by g'/2, gives essentially the same result in
his paper as equation (R1) which is

© 4n2 2n oo nzzn
(3.1 Zgﬁﬂzq;q’),.- > "2 5
n=0(g"; q%), n=0(zq;q*), (@*; 3%),

Noting that the left side of (3.1) is @, ,(z?, ¢*), then replacing z by x and
dividing both sides of (3.1) by (xq; ¢2).., we get
1 . 0, ,(,q%) = i g x" .
(67 ) W n=0(xq; 4%), (4% 4%),
Note that the left side of (3.2) reduces to the right side of (1.3) when x = 1.
Thus Corollary 7 in this section was discovered by iterating the expression
(1/(xq; 4*)s0) * @, 5(x*, q*) which reduces to the right side of (1.3) when x = 1,
and Corollary 8 was discovered by iterating the expression (1/(xg; ¢2)..) *
Q.M(xz, g®) which reduces to the right side of (1.6) when x = 1. Then the fol-
lowing theorem generalizes (1.3) and (1.6) in the same way that Theorem 1 of
§2 generalizes (1.4) and (1.5).

32)

THEOREM 2. Let a and k be integers with 0 <a <k. Let A k,a(1) denote
the number of partitions of n of the form n = T2, f, - i which satisfy the condi-
tions that for all i 0, f,,,, >0; forall i>2,f,,=0,2,4,...,2(-2)or
2(k = 1); forallawith 1 <a <k we have f, =0,2,4,...,2(a~-2)or2a-1);
and forall i =1, f5; + £, <2(k = 1). Let B, ,(n) denote the number of par-
titions of n into parts which are either odd or =0 (mod 4) but not =0, + 4a

(mod 8k +4). Then A, ,(n) = By ,(n).

PrOOF OF THEOREM 2. The generalized Rogers-Ramanujan identities were
proved first by Gordon [4] and later, more simply, by Andrews [3]. In both
places the theorem is given using the condition b, — b, ,_, = 2, but Andrews [2]
has rewritten this theorem using frequencies of parts in the following way:

Let a and & be integers with 0 < g <k. Let Cy o(n) denote the number of
partitions of n of the form n = E,i"’:l j} * j which satisfy the following conditions:

(Mforalli=1,f,+f,,, <k-1,and

(2) for all @ with 1 <a <k, f, <a-1.
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Let Dy ,(n) denote the number of partitions of n into parts which are not =0,
ta (mod 2k + 1). Then Ck,o(n) = Dy ,(n).

Now multiply all summands in the above theorem by 4. The conditions for
Cyo(n) become the following:

() foralli >0, fa;14 = fai42 =far+3=0,

@) foralli=>1, fy; + f4;44 <k—1,and

(@) forallawith 1 <a<k,f, <a-1.

Also D ,(n) will denote the number of partitions of n into parts which are = 0
(mod 4) but not =0, * 4 (mod 8k + 4).

Finally, split each multiple of 4 into two equal even parts and include arbi-
trary odd parts for both Cy ,(n) and Dy ,(n). Now the conditions for (o ()]
become the following:

() foralli=0,f);,, =0,

@)forali=2,f);=0,2,4,...,2(k —2) or 2(k - 1),

() for all g with 1 <a <k,f, =0,2,4,...,2(a—-2)or2(@— 1), and

@ foralli>1,f,; + f,4, <2(k - 1).

Also D, ,(n) uses only parts which are either odd or = 0 (mod 4) but not =0,
* 4g (mod 8k + 4).

Thus Gy ,(n) = Ay ,(n) and D, ,(n) = By, ,(n) since they satisfy exactly the
same conditions.” Since Gy ,(n) = Dy ,(n), we have that 4, ,(n) = Cr,a(®) =
Dy 4(n) = By ,(n) and this implies that 4 ,(n) = By, 4(n) which is Theorem 2.

Of course Theorem 2 could have been proved exactly the way Theorem 1
was proved. This method of proof, however, would have been much longer and
would have obscured the fact that Theorem 2, unlike Theorem 1, is not new but
is just a revised form of Gordon’s generalization of the Rogers-Ramanujan identi-
ties. We now treat the special cases of k =2 anda=2and k=2anda=1in
Theorem 2. By the remark made above, these two partition identities will be just
slightly altered forms of the ordinary Rogers-Ramanujan identities.

COROLLARY 7. Let A, ,(n) denote the number of partitions of n of the
form n = Z, f; - i which satisfy the conditions that for all i >0, f,;, , > 0;
foralli>1,f,;,=0o0r2;and forall i >1,if f,; = 2 then f3;,, = 0. Let
B, ,(n) denote the number of partitions of n into parts which are either = 1
(mod 2) or are = 4, 16 (mod 20). Then A, ,(n) = B, 2(n).

ProoF oF COROLLARY 7. Let kK = 2 and @ = 2 in Theorem 2.

COROLLARY 8. Let Az’l(n) denote the number of partitions of n of the
form n = T, f; - i which satisfy the conditions that for all i 20, f3;4, = 0;
foralli=2,f,;=0o0r2;f, =0always;and forall i 2 1, if f,; = 2 then
f2i42 =0. Let B, ,(n) denote the number of partitions of n into parts which are
either = 1 (mod 2) or are = 8, 12 (mod 20). Then A, 1(n) = B, ,(n).
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PrROOF OF COROLLARY 8. Let k =2 and ¢ = 1 in Theorem 2.

4. Further considerations. As mentioned earlier in §1, Gordon [5, p. 747]
has given A(n) = D(n) of Proposition 1, which he discovered by studying a con-
tinued fraction that is the quotient of two of the Rogers-Watson identities. On
the same page he mentions a companion identity which he does not list but
which would yield A(n) = D(n) of Proposition 2.

In Proposition 3 we found that A(n) = B(n) and A(n) = C(n) so that
B(n) = C(n) also. This means that the number of partitions of » into distinct
even parts with odd parts occuiring only if an adjacent even part occurs is equal
to the number of partitions of n into parts where every even summand < largest
part appears at least once and the largest part is even. A direct proof of this re-
sult would be most interesting as would direct proofs of B(n) = D(n) in Proposi-
tion 3, B(n) = C(n) in Proposition 4 and B(n) = D(n) in Proposition 4.
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